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Abstract: This paper concentrates on the role of job matching frictions in influencing the interactions
between fertility choice and wage offers and show that job market frictions are a crucial factor in
wage differentials among female workers. The goals of this paper are to examine how the home-stay
alternative and asymmetric market frictions influence this wage differential and whether the well-
documented negative correlation between fertility choice and female earnings still holds in the face of
life-cycle choices. To address these questions, we develop a search-theoretic model that incorporates
fertility and job decisions and assume that the workers with children face a lower job matching rate
and a higher job quitting rate relative to the rates faced by the workers without children. As a result,
we find that a wider wage differential is associated with more asymmetric market frictions and that
the wage differential has a positive effect from output differential, a positive scale effect from the
output of mothers and a negative effect from the utility from staying home. The wage differential is
positively correlated with both fertility and home-stay rates and negatively correlated with market
thickness and matching technology. Furthermore, by having both fertility and home-stay choices
endogenously determined, we can show that a tighter market will enhance the fertility rate and the
home-stay rate and a better job matching technology would not only increase the home-stay rate
but decrease the fertility rate. In general equilibrium, the effects of both market tightness and the
matching technology on the wage differential are indeterminate. These results indicate that the
home-stay choice actually gives workers with children not only an alternative but also the power to
negotiate higher wages. This shrinks the wage differential. Finally, the result that a higher fertility
rate enlarges the wage differential also implies a negative relationship between the fertility rate and
the earnings of workers with children. This result is consistent with standard empirical findings.
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1 Introduction

The gender wage gap has received broad attention in economic research. After adopting the policy
on equal opportunities across genders, the gender wage gap has shrunk significantly, but the family
gap has been widened over time. The family gap is referred to the wage gap between non-mothers
and mothers. It is shown in the literature that the family gap explains 40%-50% of the gender gap
[Waldfogel (1998) ]. Therefore, understanding the family gap may help shrinking the gender gap
further.

How large is the family gap? This family penalty counts for 10-15% of mothers’ wage rates,
compared to non-mothers’ wage rates [Korenman Neumark (1992), Waldfogel (1997, 1998a)]. Only
18% of mothers, compared to 45% of non-mothers, earns more than 25% of the earnings for college-
educated men in 1980s, but the family gap between fathers and non-fathers is found insignificant
[Goldin (1997)].

This may also explain why female earnings and fertility rate are negatively correlated in the
data [Butz and Ward (1979), Rosenzweig and Schultz (1985), and Moffitt (1984)].

There are several explanations on the family gap. One explanation is fertility choice. Theo-
retically, Becker (1985) shows that the responsibility of spending time and efforts on child-rearing
usually falls on mothers. This may crowd out mothers’ other activities, which also require time
and efforts, such as job searching and career development. Empirically,

Another explanation is women’s labour force participation rate, which is shown significant on
women’s earnings. The labor force participation rate of single women is showb always higher than
that of married women [Goldin (1990), and Van Der Klaauw (1996)]. Moreover, the full-time
earnings of non-mothers is subsequently higher than that of mothers, who broke their employment
at child-birth, in the data of Britain [Joshi, Paci and Waldfogel(1999), and Waldfogel (1995)], and
of Anglo-American, Continental European, Nordic countries [Sigle-Rushton and Waldfogel (2007)],
and United States!. The mothers, who maintain employed at childbirth, earn as well as non-mothers

[Joshi, Paci and Waldfogel (1999)].

! The average wage rate of a single female worker is approximately 20% higher than that of a married female worker

[Van Der Klaauw (1996)].



The individual’s time constraint indicates that childrearing may crowd out other activities that
also require massive time and efforts. Many women might leave the labor force for child-rearing
under some circumstances temporarily or permanently or they might optimally choose jobs with a
higher quitting rate. This explanation is borne out by empirical studies which show that women
frequently leave the labor force for pregnancy.

In this paper, our analysis focuses on how much the market frictions can affect the family gap

how market frictions, fertility choice, and women’s labour force participation affect the family
gap, and how the family gap may affect the fertility choice and women’s labour force participation
rate.

This paper aims to look insight the relationships of market frictions, fertility choice, women’s
labour force participation and family gap, the wage gap between mothers and non-mothers, espe-
cially on how they affect each other when market frictions and fertility decisions are endogenously
determined.

For women who hold positions, child-rearing crowds out their career development. This is
especially true for women on the professional jobs that require massive amount of time and efforts at
work, such as research scholars, computer programmers, medical doctors, lawyers..etc. Therefore,
if these employed women want to develop career, they may need to either postpone the child birth
or choose being childless. This could be one of the reasons behind the finding that despite the rapid
growth in the women labour force participation rate since the end of World War II 2, the fertility
rate has been falling in the developed world. Or if these employed women want to bear children,
they may need to postpone the career development, either by switching to the positions or jobs that
require less time and efforts at work, or by giving up working, focusing on child-rearing and maybe
returning to the labour force after a significant period of time. This may explain the U-shaped
married women’s labor force participation rate® [Goldin (1990), Moffit (1984), and Addison and

Portugal (1992)].

2Goldin (1990) shows that the labor force participation rate of women grows from 18.9% to 51.1% in the period of

1890-1980.
3That is, married women show the lowest interest to join the labor force at the middle stage of marriage, meaning

4-6 years after getting married.



The opportunity costs also exist on women who don’t hold positions and have a new-born baby,
especially for those who were engaged in job searching activities before the babies were born. child-
rearing may take mothers’ time away from their planned job searching activities. This may reduce
the likelihood for mothers to find a job. Or for mothers who quit their jobs for child-rearing, the
interruption on career development may reduce the likelihood for them to find a job. In a tight
job market for workers, these mothers may quit searching for vacancies, leave the labour force, and
stay at home for child-rearing. So the asymmetric market frictions, namely, the job matching and
quitting rates, for mothers and non-mothers, and are important in explaining the fertility choice,
the labour force participation, and the family gap.

Moreover, the labour force participation matters to a mother’s earnings subsequently. On an
individual level, a woman’s earnings indicate her opportunity cost of leaving the labour force to
raise a child. This opportunity costs of rearing a child are increasing in women’s earnings. On the
aggregate level, breaking the employment or postponing career development (switch to jobs that
require less time and efforts) may stop or decrease a mother’s earnings. It is found that mothers are
paid lower wage rates than non-mothers, and that full-time earnings of non-mothers is subsequently
higher than that of mothers who broke their employment at child-birth in the data of Britain [Joshi,
Paci and Waldfogel(1999), and Waldfogel (1995)], and of Anglo-American, Continental European,
and Nordic countries [Sigle-Rushton and Waldfogel (2007)]. Similar results are also found in United
States®. This may also explain why female earnings and fertility rate are negatively correlated in
the data [Butz and Ward (1979), Rosenzweig and Schultz (1985), and Moffitt (1984)]. Butz and
Ward (1979) also point out that the baby bust in the 1960s might have resulted from the increase
in the earnings of female workers. In contrast, that Therefore, the labour force participation is
important for a mother’s earnings, and is crucial in explaining the family gap.

While the non-working mothers sacrifice their earnings for child-rearing, the working mothers
are paying baby-sitting costs, which may include other costs associated with baby-sitting, from their
own earnings. This means that the baby-sitting costs could be crucial for a woman’s decision on

fertility and labour force participation. If a woman’s earnings are not sufficient to pay baby-sitting

*The average wage rate of a single female worker is approximately 20% higher than that of a married female worker

[Van Der Klaauw (1996)].



costs additional to other required living expenses, she may decide not to have a child and stay in
the labour force. If having a child, she may leave the labour force for child-rearing to save the
baby-sitting costs. Therefore, the child-rearing costs may play a role on a mother’s reservation
wage rate.

All observations mentioned above show that it is not child-rearing activities alone that causes
the family gap. Women do have choices on fertility and on labour force participation partially
if not fully. The crucial factors, including market frictions, productivity, home-stay alternative,
opportunity costs for mothers and non-mothers, are important for women’s decisions on fertility and
labour force participation, and are important in determining the family gap. It is important not to
neglect the effects of these factors on each other, which might narrow or widen the family gap. The
effects of these factors on women’s decisions and family gap may not be unidirectional. The goal of
this paper is to find how these factors affect each other, then affect women’s decisions on fertility and
labour force participation, and hence, the family gap. In particular, the questions we would like to
address in this paper are as follows. First, how do the asymmetric market frictions affect women’s
decisions on fertility and on labour force participation? How much can the asymmetric market
frictions faced by mothers and non-mothers explain the family gap and fertility rate? Second, how
does that home-stay alternative affect women’s decisions on fertility and labour force participations,
and the family gap? Third, by allowing for endogenous market frictions and home-stay alternative,
will the family gap be enlarged, and will the negative correlation between wage rates and fertility
rate still be captured and remain as strong as the case with exogenous market frictions and home-
stay alternative? How does the family gap affect the market frictions, women’s decisions on fertility
and labour force participation?

A few papers are related to these issues in different aspects. Galor and Weil (1996) link
the capital stock with the fertility rate and capture the gender wage gap by assuming that child-
rearing places higher demands on women’s time, and conclude that the causation underlying the
negative relationship between fertility and female earnings need not be unidirectional®. In the

existing theoretical analysis related to fertility rate analysis, the home stay alternative of mothers

?Galor and Weil (1996) argue that an increase in the capital-labor ratio will increase the real wage of women and

this will cause a decline in fertility, which in turn enhances capital accumulation and raises women’s wage rates.



are usually ignored due to the full-employment assumption. However, this home-stay alternative
could be attractive for mothers and causes them to leave the labour force. The search equilibrium
framework constructed by Moen (1997) allows for market frictions and show that the social optimal
equilibrium allocation can be achieved under certain circumstances. Taking one of these literatures
alone is not sufficient in answering the proposed questions.

To shed light on these questions, we introduce the home-stay alternative into a search-equilibrium
based framework with endogenous fertility and home-staying choices. The focus of the model is on
the interactions between female workers and firms in a labor market. Each woman decides whether
to bear a child in the future at the beginning of her life; however, whether to conceive depends
on an exogenous probability. The non-mothers would join the labour force while the mothers will
decide whether to stay in the labour force. The mothers who stay in the labour force will conduct
job-relating activities and child-rearing. The job-relating activity is working for employed mothers,
and it is job-searching for unemployed mothers. If deciding to leave the labour force, the mothers
would stay at home and focus on child-rearing. The case in which mothers who chose to stay home
for child-rearing can return to the labor force later, and those who chose to do both child-rearing
and working can leave the labour force will be discussed. The asymmetric market frictions are
assumed in the general case where mothers face a lower job matching rate and a higher job quitting
rate relative to non-mothers.

Consequently, we find that in the absence of labor-market frictions, the family gap between
mothers and non-mothers is exactly the output gap of mothers and non-mothers. In the pres-
ence of market frictions, the causalities between fertility rate and women’s job contact rate and
between mother’s transition rate of leaving labour force and women’s job contact rate need not be
unidirectional. Moreover, the more asymmetric market frictions for mothers and non-mothers are,
the wider the family gap will be. The family gap is positively correlated with the output gap of
mothers and non-mothers, and with the degree of asymmetric market frictions between mothers and
non-mothers. The more asymmetric the market frictions for mothers and non-mothers, whether
the job contact rates or the job separation rates, the wider the family gap. However, the overall

effects of this the degree of asymmetric market frictions on fertility rate is ambiguous. While a



more symmetric job contact rate between mothers and non-mothers may stimulate women’s labour
force participation and reduce the unemployment duration, a more symmetric job separation rate
would discourage the labour force participation and lengthen the unemployment duration. The
policies, such as benefits to home-stay mothers, or subsidies to baby-sitting and day-care costs, are
shown effective in stimulating fertility rate and labour force participation, in shrinking the family
gap, and in reducing the unemployment duration.

The flow of the paper is as follows. The environment of the general case is described in section 2,
followed by the specification on matching and bargaining technology in section 3. The equilibrium
is derived in section 4, and the discussion on different cases is in section 5 and conclusion in section

6.

2 The Environment

The focus of this paper is to analyze how women’s decisions on fertility and labour force partici-
pation, and market frictions affect each other, and hence, the wage differential between mothers’
and non-mothers’, the so called family gap. The market frictions in this paper is referred to the
job matching rate and quitting rate. We incorporate an additional "home-staying" state of women
in the search theoretical framework. Without losing generality, we assume that women make the
fertility decision prior to joining the labour force. However, whether to have children would depend
on both their fertility decision and the probability of conception, which is exogenously determined.
This setup allows us to determine the population of women in different states, the fertility rate,
the family gap, the labour force participation rate, the unemployment rate, and the unemployment
duration of women.

The economy is populated with a continuum of available workers F', and a continuum of vacan-
cies, V. Total population of women is normalized to one. A woman starts making her decisions at
the time of her own birth, when she decides whether to be fertile. It is assumed that non-mothers
always join the labour force, while mothers have an option of staying at home for child-rearing.
The unemployed mothers who choose to join the labour force would face a lower job matching rate

than the unemployed non-mothers since both child-rearing and job searching activities are time-



consuming. Moreover, the mothers who choose to stay at home for child-rearing for a significant
period of time may face lower likelihood in finding jobs when returning to the labour force than
non-mothers, due to the interruption in learning-by-doing, especially in the professional positions,
which require more updated knowledge over time. The employed mothers might face a higher job
quitting rate than employed non-mothers due to the child-rearing activities. For example, the sick-
ness of children and the difficulty of finding suitable baby sitters or caretakers for a long period of
time may cause a mother to quit the job. Therefore, in general, mothers face a lower job matching
rate and a higher job quitting rate than non-mothers. This face is also assumed in the model.
The number of vacancies is determined by the market tightness (), which is defined as the ratio
of unemployed workers to vacancies. This market tightness indicates the existence of an implicit
entry barrier for firms. In particular, a greater entry barrier for firms indicates less vacancies,
and hence, a tighter market for workers ( a higher §) 6. The vacancies are assumed non-worker
specific. This means that any vacancy can be filled by a mother or a non-mother. More details of

the environment are described in the following subsections.

2.1 Populations of subgroups and states

In this model, we do take into account the population growth rate and death rate. The tasks of
this subsection are to describe different states of women in this model, to specify the probabilities
and arrival rates that divide women into different subgroups and to determine the populations of
women in different states. Figure 1 shows the effects of women’s fertile decisions on the population
of the next generation, and Figure 2 depicts the changes of populations of each subgroup and the
flows of workers in various subgroups.

As shown in Figure 1, women’s make their fertility decisions at the beginning of their lifetime.
With probability A, a woman chooses to be fertile, and with probability (1 — ), a woman chooses

not to be fertile. This fertile decision A\, which will be endogenously determined later, would divide

%One way to endogenously determine the market tightness is to set the equalization entry condition in which the
flow value of an available vacancy is equal to the entry cost in equilibrium [Laing, Palivos and Wang (1995)]. However,
it is hard to analyze the effect of the market tightness in fertility and labor force participation rates in this paper.

Thus, we adopt the environment with the market tightness exogenously chosen.



women into two groups: Fpy (non-mothers decide not to fertile) and Fop (not-yet-mothers decide
to fertile). Note that the fertile decision does not make a woman become a mother. It is assumed
that women who choose not to be fertile will not have a child and remain at Fpy group. A woman,
who chooses to be fertile, would depend on an exogenous probability of conception 7, to become a
mother. It is 7 that divides the group Fop further into two subgroups: For (non-mothers, who
decide to be fertile, fail to conceive) with probability (1 — 7), and F; (mothers, who decide to be
fertile, do conceive) with probability 7. This reflects the fact that despite the advanced technology
such as the stem cell research and the assistance by laboratory experiments, the of-conception is
still not completely controlled by human beings.

Let F denote the population of all women, and let F; (i = ON, OF, and 1) denote the population
of women of a subgroup 4.

Fon+ For+ FA=F (1)

Note that in each generation, only those of conception would bring the next generation. By
assuming the average number of baby girls of each woman who gives birth is k£, the population of
the next generation of women is kmFpr. Then the new population will decide whether to fertile
at the time of birth, denoted by A, which divides the new generation into two streams, Fpy and
For.

As shown in Figure 2, the women in Fpr would conceive with probability = and become the
members of Fj. Since Fpr is the only source of Fi, given the average death rate d, the changes of
F1 over time is:

Fl :WFOF—dFl (2)

The inflow to Fpop from the new generation is AkwFpp., and the inflow to Fpon from the new

generation is (1 — A\)kmFor. So the changes of population in the states Foy and Fpp are:

Fon = k(1 — NnFor —dFon (3)

FOF :kAWFOF—dFOF—T(‘FOF. (4)



The boundary condition is set as the initial population of the whole economy is normalized to one:
F(0) = Fon(0) + For(0) + F1(0) = 1. (5)

By combining equations (2)-(5), the initial population of each subgroups can be solved as functions

of the endogenous variable A [details in appendix]:

For(0) = dg" = For()\) (6)
Fon(0) = M g )
F(0) = £ =R (8)

, where n = kAr —d —mand ® =d+n+ k(1 — ) +1]. Both For and F; are increasing in A
while Fppy is decreasing in A. Moreover, the steady state population requires outflow and inflow

to be equal:

dF = kﬂ'FOF. (9)

By plugging in equations (5) and (6) into (9), the steady state average number of children starting

at the initial period is a function of A:

BO) = KN = o (10)

(d+n)’
where k(07) is decreasing in A. That is, the more women choose to be fertile, the less children each

woman will have in a steady state level.

2.2 Workers

2.2.1 Mothers

Each woman is assume unemployed when entering the labour force. Moreover, an employment may
not be guaranteed by staying in the labour force. Therefore, some women may leave the labour
force. Comparing mothers and non-mothers, it is usually mothers who are more likely to leave the

labour force and stay home for child-rearing. To highlight this fact, we gave this "stay-home" choice



(H) to mothers only. Thus, a mother (F1) may be in either of the these three states: unemployed

(Ur), employed (Lq), and home-staying (H).
Fi(\) =H+U + L. (11)

As shown in Figure 3, there are inflows and outflows among these three states. With the job
contact rate Su (8 < 1), an unemployment mother U; will match up with a vacancy and becomes
employed (L;), and with the job divorce rate ¢, an employed mother may be separated from her
job and become unemployed (U;). With the transition rate o, an unemployed mother may leave
the labour force and stay at home for child-rearing (H). Note that for an employed mother (L;)
to change her state to stay at home for child-rearing, she would be divorced from her job first, and
then transit from U; to H. With an arrival rate 77, a home-staying mother would return to the
labor force, and start her job searching (U;). In steady state, the following two equations must be

satisfied:

TH = oU (12)

BMUI = (5L1 (13)

By combining equations (8), and (11)-(13), the populations of mothers in different states can be

solved:
) T
. _ (= 14
Ui(As s 0) 76 + 0 + Bur (CI)) (14)
oo T
H(); = (% 1
(Aip.0) 70+ 06 + Bur \ P (15)
Byt ™
Li(X; = —(=]. 16
1A 0) 76 + 0 + Bur (CI)) (16)

The advantages of being a stay-home mother include not to be restricted by the office hours,

the deadlines of job applications and interview schedules, and to have more flexible schedule for

"In this framework, we can either have o or 7 endogenously determined, but not both. Each has its own significance
in interpreting the transition of female labour force and female labour force participation. In the baseline model,
we have o as an endohenous variable. The case in which 7 is endogenously determined will be discussed in a later

section of the paper.
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personal activities. Let b denote the utility from the advantages of staying home and let w; denote
an employed mother’s wage rate, which will be determined by Nash bargaining process with equal

division. Let J!(i = H,Uy, L;) denote the value of a woman at state i. The flow values of each

state are:
rJT = b4 r(JU = JH) (17)
rJU = Bu(JF — JY) 4o (JH — gV (18)
rJE = wy +0(JY — g (19)

In equation (17), a mother in the state H receives the utility b from staying at home and may
return to the labor force and change the state to U; with the arrival rate 7. Similarly, the flow
value of a mother in the state U; is the expected value of changing states: one is to get employed
and change to Ly with the job contact rate Su, and another is to leave the labour force and change
to H with the transition rate o [equation (18)]. A mother in the state L; receives the wage rate

wi and could be separated from the job and change to Uy with probability § [equation (19)].

2.2.2 Non-mothers

Both subgroups, For and Fpy, are non-mothers (Fp), who are assumed always staying in the labor
force without the "stay-home" option. This is the main difference between mothers and non-
mothers. Therefore, there are only two states for non-mothers: employed (Lg), and unemployed

(Up). The total population of non-mothers are:
F0(>\) = FON(A) + FOF(A) =Uy + Lo (20)

Comparing to unemployed mothers, unemployed non-mothers may be able to spend more time on
job searching. Therefore, the likelihood of a unemployed non-mother to get employed is larger
than that of an unemployed mother. Let p denote the job contact rate for an unemployed non-
mother (Up) to match with a vacancy and to get employed (Lg). Let 4 (v < 1) denote the job
separation rate for an employed non-mother (Lg) to be separated from her current job and becomes

unemployed (Up). In steady state, the inflows equal outflows for each state:
pUo = ~0Lo (21)

11



Combining equations (6)-(7) and (20)-(21) gives the populations of Uy and Lo:

~¥6 T
. — 1—- = 22
Uohimo) = o (1-3). (22)
: _ M _r
LO(AvﬂaU) - ’75+/L (1 CI)> : (23)

The wage rate received by an employed non-mother is wg, which is also determined by Nash
bargaining process with equal division. The flow value of non-mothers in the states of Ly and Uy

are:

rJv% = p(Jto — jon) (24)

rJP = g +~8(JY0 — Jho) (25)

Equation (24) shows that an unemployed non-mother in the state Uy may get employed and change
to state Ly with the job contact rate u. An employed non-mother in the state Ly would receive
the wage rate wg but could be separated from her job and change to state Uy with probability vd

[equation (25)].

2.3 Vacancies

The vacancies are assumed to be non worker-specific and it is indivisible. That is, a vacancy can be
filled by either a mother or a non-mother. This gives a vacancy three states: empty (1), filled by a
mother (L;), and filled by a non-mother (Lg). In general, the child-rearing activities may distract
mothers from their work. To shed light on this fact, it is assumed that the average productivity of a
mother (y) is different from that of a non-mother (y0)®. Both yo and y; are public information and
exogenously determined. Since the mass of vacancies may be different from the mass of unemployed
female workers, the job contact rate of a vacancy to an unemployed worker () may be different
from the job contact rate of an unemployed worker to a vacancy (u and Su). That is, a vacancy

would be filled with the exogenous probability 1. Let IT7(j = V, Ly, L) denote the flow value of a

8 Another interpretion behind this assumption is that the average hourly productivities of mothers and non-mothers
are the same, but mothers need to reserve some time for child-rearing activities, and tend to pick up part-time positions.

Thus, the total monthly or annual productivity of a mother is lower than that of a non-mother.

12



vacancy in the state j.

B = (y —wy) +6(ITYV — T15), (26)
I = (yo —wo) + (11" —T1*), (27)
iV = nlp, (T —10Y) + p (T —11Y)] (28)

, where py = & py =% U = Uy + Uy, and p; + py = 1. As shown in equations (26) and (27),
the flow value of of a vacancy filled by a female worker is the sum of the net profit created by
that particular female worker and the expected value of changing states when the employed worker
leaves this position. The flow value of an empty vacancy (II") [equation (28)] is the expected value
of this vacancy to be filled by either an unemployed mother or an unemployed non-mother. By

plugging equations (26) - (27) into equation (28), we get:

nlp1 (r +76) (y1 —w1) + po (r +6) (yo — wo)|

Vi o) —
(X, 0) r{(r+6) (r+~0) +n(r+ p1v6 + ped)}

(29)

Then T (\; 4, o) and IT¥1()\; p, o) can be obtained by substituting equation (29) into equations
(26) and (27).

2.4 Matching and Bargaining Technology

In this search-theoretical framework, unemployed workers and vacancies are the two parties search-
ing for each other to find a match. It is assumed that one position fits only one worker, and vice
versa. Thus, the flow match of unemployed workers must equal to the flow match of vacancies.
It is assumed that this match process is based on a random matching function, goQ(U, V'), which

exhibits constant return to scale:
pUo + Bplh =nV = qoQ(U, V), (30)

where gy represents a matching technology. For example, the web site creation (e.g. JOE) may
drive up the matching rate between unemployed workers and vacancies, which would be reflected
in a higher go.[Diamond (1982a, 1982b, and 1984), and Laing, Palivos, and Wang (1995)].

Once does a vacancy and an unemployed worker meet, they would determine the wage rate

based on a simple symmetric cooperative Nash bargaining rule with equal division of the surplus.
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This means that the wage rates will be determined at a level where the joint surplus of the vacancy

and the worker will be maximized [equations (31) and (32)]:

max[HL1 _ HV]l/Q[JLl _ JU1]1/2 (31)
w1
max[HLO _ HV]I/Z[JLO _ JUo]l/Z (32)
wo

The optimization of equations (31) and (32) gives:
e I | (33)

Jho — gto = 1qrke 11V (34)

, which determines w; and wy, respectively. The equilibrium wage rates w§ = wo(X; p, o) and

w} = wi(A; p,0) can then be pinned down by the following two equations, respectively:

1 5 5 —~
PEOENP e TPL e (r+ 0+ 1p1) Yo = np1tn (35)
T4 40 B B B
Mo« |THTHo T+ np] . —npoyo + (r +v6 +npo)yr | ob
_ - = (36
BT [ A T B ]wl B 7 G0

, where A= o (r+0)+ (r+7)(r+06+pBp), B=(r+0)(r+70)+nlpy (r+76) +po (r+9)].

3 Equilibrium

In equilibrium, the values of A, u, and o can be solved endogenously. Then all populations and
equilibrium wage rates, which can be derived as functions of A, u, and o, can all be determined.
While 1 can be solved by matching function [equation (30)], both A and ¢ will be solved by the
no-arbitrage conditions.

By plugging equations (14) and (22) into equation (30), we can rewrite V as:

RN T e L S SO N - N A
V(A,M,J)—n[75+ﬂ(l ®>+75+05+5W(<b>]' (37)

Let & = U/V denote the market tightness. An increase in € indicates an increasing difficulty for
unemployed workers to match with a vacancy. Equations (30) and (37) can be written as:

Uo(Aspy0) + Ur(As p, 0
0 = 0(\p,0)= of V()ng )

n = q01) (39)
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where equation (38) has the character 00/0u < 0. Both equations (38) and (39) can be plotted on

a (n, u) space and to determine p* = p(\, o) [Figure 5].

3.1 No-arbitrage Conditions

The no-arbitrage conditions are to reflect the situations faced by women when they make decisions.
The conditions states that a woman feels indifferent in the choices she has when making decisions.
In other words, the flow values of each option is the same. Equation (41) shows the no-arbitrage
condition of a woman when making fertility decision, while equation (40) is the condition of a
mother when making labour force participation decision. Note that when making her labour force
participation decision, a mother would have to consider the baby-sitting and day-care costs, denoted
by x, which are not counted in the flow values of joining the labour force (J Ul). That is because
even before becoming employed, a mother may need to pay for baby-sitting or day-care costs to
attend job interviews or job training lessons. These baby-sitting and day-care costs are not avoided

for a mother staying in the labour force.

JI = gy, (40)

JON = JoF, (41)

By substituting p* in equations (40) and (41), we could use Cremer’s Rule to solve both A and o
[details in appendix|. This case where A, p, and o are endogenously determined, is called general
case. The results of this general case are included in the next section. In order to evaluate how
the crucial endogenous variables affect the equilibrium, we now turn our attention to discuss cases

in which either one or all are exogenous.

4 Case Studies

In this section, the focus will be on the family gap, women’s labour force participation rate, unem-
ployment rate in equilibrium in three cases. These three cases are when both market tightness 6

and the transition rate o are exogenous (case I), when 6 is exogenous and o is endogenous (case 1),
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and when both 6 and o are endogenous (case III,.general case). Then through the comparison of
three cases, we could analyze the effects of § and o on fertility rate A and IV, then on the family
gap, women’s labour force participation rate, and unemployment rate. The family gap is the wage
gap of mothers and non-mothers, defined as WD = wg — w;. In this model, only mothers in the
state H do not join the labour force, so the women’s labour force participation rate is LPR =1— %
Unemployment rate, defined as UER = FTUHa is the ratio of women in the labour force but not yet
employed.

There have been several policies proposed to stimulate fertility rate in developed countries. One
of the policies wildly adopted is child benefits. In this model, this policy has to be discussed in two
different aspects. One aspect is to improve the utility of staying home for mothers (an increase in
b), and another aspect is to subsidize baby sitting costs (an increase in x). The effects of these

two variables will be our focus in each case. More of other possible policies will be analyzed in the

general case (case III).

4.1 Case I: exogenous market tightness(f) and transition rate(o)

According to equation (30), both x4 and 1 can be written as p* (0) and n* (0). After combining the
equations (26)-(28), and (33)-(34), the values of A, wy and w; can be determined. Furthermore,
both wy and w; react to IV negatively , and wp reacts to IIY more strongly than w; does [see
equations (A17) and (A18) in appendix]. Then equations (A17), (A18), and (41) jointly provide
the equilibrium equations (A19), called IIY(Value) locus, and (A20), called IV (N A) locus, to
determine both IIV and A\°. As shown in Figure 6, while IIY(NA) locus is independent of \,
Y (Value) locus is decreasing in .

The family gap WD and unemployment rate UFE R are both increasing in A and LPR is de-
creasing in A. That could be caused by the positive effect of A on H. When a vacancy (HV)
becomes more valuable (an increase in I1V), women would respond by reducing the fertility rate (\)
to compete on matching with that vacancy. Therefore, LPR increases, UER decreases, and WD

shrinks.

9Note that A endogenously determines p; (i = 0,1), which appears on equation (A19), the IIY(Value) locus.
Y (NA) is independent of \.
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If there is an increase in the utility of home staying b, would move both TIY (V alue) and TIV (N A)
downward. Thus, A\ would increase in response to an increase in b since the effects of b via IV (N A)
locus tend to dominate. This means that an increase in home-staying utility for mothers would
encourage the fertility rate (A). This will in turn, enlarge the family gap, decrease women’s labour
force participation rate, and increase women’s unemployment rate.

However, the change of baby sitting and day care costs x has no effects in this case. Therefore,
when the market tightness and the transition rate are exogenous, improving home-stay mothers’
utility (an increase in b) is more effective in stimulating the fertility rate (\) than subsidizing baby

sitting and day care costs.

4.2 Case II: exogenous market tightness(f), and endogenous transition rate(o)

In this case, the transition rate (o) of mothers to leave the labour force is endogenous determined.
To do so, equation (40) is introduced, and together with equations (A19)-(A21), the equilibrium
values of ITV, X, and o can be determined.

An increase in the utility of home staying b would lead more mothers to leave the labour force,
and cause o and \ to increase, but IIV to decrease. Note that an increase in b would reduce IIV as
case one and enlarge the family gap. Additionally, an increase in ¢ caused by a higher b, on one
hand, would reduce (HV) further and widen the family gap (/W D). On the other hand, an increase
in o drives up mother’s wage rate (w;) by increasing mothers’ reservation wage. This would shrink
the family gap (W D). If the effect of b via o dominate that via IIV, the family gap in case two is
smaller than that in case one, WD!! < WD!.

Note that the decrease in IIV increases both wg and wq, and an increase in o would drive up w;
further. This pecuniary advantage for all women, mothers and non-mothers, would attract women
to join the labour force and to demotivate them to have children (a decrease in A). However, the
increase in o would stimulate more women to bear children (an increase in \). When the negative
effect of b on IIV is sufficiently small, the overall effect of an increase in b would drive up fertility
rate (A). Therefore, this increase in both o and A caused by a higher b would reduce LPR. The
LPR in case two would be lower than that in case one, LPR!! < LPR!. However, the increase in

A and o affect UER in opposite directions and the positive effects of A on UER is stronger than
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the negative effects of 0 on UER. Therefore, the overall effect of b on UER is positive, and UER
in case two is lower than that in case one, UER!! < UER!.

A subsidy on baby-sitting and day care costs for mothers (a decrease in x) would increase o, 11",
and A. This, in turn, would shrink W D, increase LPR, and decrease UER due to the stronger
effects of x via A on UER than via 0. Therefore, in this case, both improving the utility of home-
stay mothers (an increase in b) and subsidizing in baby-sitting and day care costs (x) would both

be effective in enlarging the family gap.

4.3 Case III (general case): endogenous market tightness(d) and transition

rate(o)

The case in which both market tightness (6) and transition rate of leaving the labour force (o) are
endogenously determined is discussed. Equation (37) is introduced to pin down the value of 6.
Equation (37) can be written as 6§ = 6 (n), where 0 is increasing in 7. Together with equations
(A19)-(A21), we can now solve the equilibrium values of o, A, IT" ;and x and determine the effects
of the important factors, such as the values of staying home (b), the baby-sitting and day care costs
(x), and the degree of symmetry on the job frictions of mothers and non-mothers (3,v), on the
equilibrium values, and hence on the family gap (WD), women’s labour force participation rate
(LPR), and the unemployment rate of women (UER).

According to equation (A22), in this general case, an increase in b would drive up both A and
o, then affect 6 indirectly via ¢ and A. While a higher X increases 6 and u, a higher o decreases
0 and p. In turn, the decrease in p would reduce o but would would push up A to a higher level,
and hence, increases 6 and p to higher values. Therefore, an increase in b would stimulate . This
increase in p would increase A, IIV, but would decrease o.

An increase in p caused by an increase in b would drive up all women’s wage rates, both wg and
w1, and widen the family gap (W D) since the impacts of 1 on wy is stronger than on w;. However,
the strong negative direct effects of b on W D together with the indirect negative effects of p on WD
via IV, an increase in b would shrink WD overall. Meanwhile, LPR would increase, and UER
would decrease if the direct effect of 4 on UE R dominate.

This case has shown that the causalities between fertility rate (A\) and women’s job contact rate

18



(1) and between mother’s transition rate of leaving labour force (0) and women’s job contact rate
(1) need not be unidirectional. The women’s contact rate (u) affects WD, LPR, and UER directly
and indirectly via ), o, and IIY'. Moreover, some of the indirect effects might offset the direct effects
of w on WD, LPR and UER. More interestingly, if direct effects dominate, the overall effects of
bon LPR and UER in case III become opposite to those in case II. It would require the indirect
effects of b on LPR and on UER via X then u to be sufficiently strong to dominate the direct
effects, in order for the overall effects of b on LPR and UFER consistent with case I and II. Then
the comparison on three cases would give LPR! < LPR'! and UER"! <« UER!" < UER'.

Moreover, the endogenously determined market tightness # in this job matching model also
allows us to discuss the duration of unemployment for women. The unemployment duration is
defined as:T (u, A, 0) = % and has the following characteristics: 97/0u < 0, 9T /0N > 0, 9T /do < 0
[see the appendix|. That means that an increase in job contact rate () would reduce the market
tightness (#) and make it easier for an unemployed worker to match with a vacancy; hence, the
unemployment duration will be reduced. In response to an increase in b, the unemployment
duration (7") would be lengthen.

The effects of a subsidy in x on 0, ¢, and A, then on WD, LPR, UER and T are similar to
that of an increase in b. It is worth to note that the change in x has only indirect effects via both
IIY and o on A, and both indirect effects affect A in the same direction. The change in b, however,
has direct effects on A, but its indirect effects via IV and o are opposite. Therefore, it is unclear
whether it is an increase in b or a decrease in y that would have stronger effects on the equilibrium
values, and hence on WD, LPR, UER and T.

Additional to the effects of b and x, the variables that cause the asymmetry of mothers and
non-mothers are worth discussion. They are v and 5. An increase in 7 indicates an increase in the
job separation rate for non-mothers, and an increase in § means that mothers are facing an increase
in the job contact rate. At v = 1, mothers and non-mothers face the same job separation rates,
and at 8 = 1, mothers and non-mothers face the same job contact rates. Both An increase in
and a decrease in v affect A, IV and o, and hence, p, LPR, UER and T in the same direction. To

be more specific, an increase in 3 decreases o and IIV. Although it has direct positive effects on ),
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both of its indirect effects on A via o and IV are in the opposite direction. This leaves the overall
effects of an increase in 5 on A ambiguous, while the dominant direct effects of 5 would result in an
increase in LPR, and a decrease in UER, 6, and T. Meanwhile, both 8 and v affect W D negatively
and directly, and this direct effects of 8 and v on W D tend to dominate the indirect effects.
Above all, we can conclude that the policies towards to symmetric job frictions for mothers
and non-mothers, either on the job contact rate (5 = 1) or on the job separation rate (y = 1)
would shrink the family gap but leave the overall effects on fertility rate ambiguous. Meanwhile,
while the policies that increase 8 would stimulate women’s LPR, and reduce the UER and T, the
policies increase v would do the opposites on LPR, UER and T. The policies that target on
benefitting mothers, such as subsidies on baby sitting and day care costs or on home-stay mothers,

may stimulate the fertility rate, but might widen the family gap as well.

5 Conclusion and Extensions

The features of the search theoretical framework allows us to look insights the links of family gap,
fertility rate, labour force participation rate, unemployment rate and duration, and market frictions
and to evaluate the effectiveness of various policies on shrinking the family gap and stimulating
the fertility rate. We find that the policies towards to symmetric job frictions for mothers and
non-mothers may shrink the family gap, but may not stimulate the fertility rate. Moreover, while
an increase in mothers’ job contact rate might increase women’s labour force participation rate,
and reduce the unemployment rate and unemployment duration, an increase on non-mothers’ job
separation rate would do the opposites to the labour force participation rate, unemployment rate and
unemployment duration. The policies, that encourage mothers to stay-home, and subsidize baby
sitting and day care costs, may be effective in both stimulating fertility rate and women’s labour
force participation rate, shrinking the family gap, and reducing the unemployment duration.
There are several possible extension from this model. The first possible extension is to intro-
duce heterogeneity of vacancies and workers, and allow for segmented job markets. To be more
specific, vacancies could target on either mothers or non-mothers. Mothers and non-mothers could

have different preferences over positions. The second extension is to allow for multi-matching on
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vacancies and workers. This extension could address the issues on part-time and full-time positions.
It is possible for a worker to work for several part-time positions, as well as for one position filled in
with several part-time workers taking turns to work. The third extension is to allow for more states
and to allow women to change between different states. For example, this model has restrictions in
evaluating the effectiveness of maternity leave on the family gap and fertility rate. All these pos-
sible extensions might provide insights of the links between job markets, women’s decision making
on fertility and labour force participation. The understanding on these links would be helpful for
policy makers who are interested in stimulating the fertility rate, and shrinking the family gap, and

hence, possibly the gender gap, at the mean time.
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Appendix

Steady state population flow:

Solving the differential equations, the general solution for Fpr can be written as:

For(t) = Fop(0)efrm—d-mt (A1)

= For(0)e™

where n = kAm — d — . Similarly, one can write:

Fi(t) = F(0)e™ (A2)
Fon(t) = Fon(0)e™ (A3)
Equation (2) can now be written as:
d};lt(t) = [ (0)ne™ = tFop — dFy (A4)
Therefore, once can solve
Fy(0) = Tor) (43)

Following the same steps, we find

E(1—X\)mFor(0)
d+n

Fon(0) = (A6)

Combining with equation (5), and letting ® = d + n + w[k (1 — A) + 1], the population of all

subgroups can be found.

FOF(O) = o = NOF ()\) (A?)
Fi(0) = % =N, (V) (AS)
Fon(0) = MUZAT (). (A9)

The value of F: Solved from population
From Figure 2, the flows of the population should be equal for each status, and based on market
clearing condition, 2 flow population equations are sufficient. Thus, the flow population equations
for statuses EC and UD are chosen:
(EC) : 6LF = Bu(l — ¢)AF (A10)
(UD) : ~6LP = pu(1 = \NF (A11)
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Plus the equation of total population normalization: F + L€ + LP = 1.Then all population can be

solved:
1
F= ;LY
BuA(1=¢) | p(A=N)’
L+ ==+

_ Bpl =@ AF p _ p(l—NF
= 5 LP = 5 (A12)

Section 4:
Given the population of HC and SC and the Poisson arrival rates from HC to SC, 7, and from
SC to HC, o, the following equation can be obtained: TA¢F = ocA(1 — ¢)F.Thus, ¢ = o/(7 + 0).
Given the calculation details in the previous sections, the wage rates of workers with and without

children when the exchangeability is allowed are given by:

{AN) +7+6 +9\1 — Q)| MY(r + 7+ 0)y® — ob] +n(1 — \)ByP”

wé() = y“ - AN (A13)
rT+T (o} D - r+—T71TO0 ¢ (o}

where M = r+~y+pu, N=r+v+nl1—-X), B=(r+0)(r+7+o0)+pulr+r71), A\ =
(r+0)N+n X1 =¢)(r+6), AN)=@r+17+0){AN) +[r+6+n\(1—¢)|M} + B[M + NJ.
No-arbitrage conditions: By substituting p* wi (A, o), wi(A, o) into equations (40) and (41), we

get:
o(r+0)x =pp wi\o)—(r+d+pu")[(r+7)x+10 (A15)
o(r+0)[m(r+u" +~0)(b+re) — (1 +7) pwg(A, o) (A16)
= (I+m)p*(r+7)(r+0+Bu")wi\ o)
(o 1" 70) (B () Wi ) 7 (74 7) 8+ 8],
Section 5

Case I: exogenous 0 and o
Combining equations (35), (36) and (41) to determine the values of A, wg, and w;. We first

derive wg and wy as functions of IV :

T —T u
wo(IlV) = ( +’;1;‘5()T(Jyr°w)n) (A17)
B A(yl—rHU)+ab(r+5)
w(ll’) = A+ (r+7+0)(r+46) "’ (A18)
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which shows that Ow;/dI1V < 0 (i =0,1), and |dwo /011" | > 0w, /O11"|.
Then plugging both equations (A17) and (A18) into equations (29) and (41) gives the following
equilibrium conditions to determine IV and \.

n (A(TJW()S( )
-n A+(r+7+0)(r+96 14
1 B\ 1 [(r+5)(r+u+"/6) _ A(r4496) I (A19)
Po | a2t 0) A+(r+7+0)(r+96)
_ )48 [ (rrrto)y—ob [ w __(r+7+0)y —ob
B At(rtr+o)r+0) Plut20r170) At(rtr+o)(r+0)

pr(l+m) B (r+7) -
[M+2(T+’75)_A—i-(r—i—T—i—J)(r—i—cS)_HV (A20)
Ay + (r+9)ob ]}

(14 m)pyo W
m—z{nﬁla—i—(r—%cﬂab—i—ﬁ/ﬁ(r—%r) |:A—|—(7"—|—7'—|—0‘)(’["+5)

Case II: exogenous 0 and endogenous o
Rearranging both equations (40) and (A20) gives:

v - BM[Ay1+(r+5)ab]—{(r—i—é)r;zl—(r+5+5ﬂ)[b+(r+r)x]}0 (A21)

(e — 2 fr Ae + (r+ 6) ob+ B r 4+ 7) [A0 G020

[ur(l—‘ﬂr) _ rﬂﬁu(r—&—’r)}
E C

where C = A+ (r+7+0)(r+9), and E = p+ 2(r+~0). Equation (A21) helps pin down
equilibrium values of o* and (HV)* , which can be substituted into equation (A19) to determine
equilibrium value of \*. In turn, both equilibrium values of wf; and w} can be determined.

Case III: endogenous 0 and o

By combining equations (37) to (39), we can re-write 6 as follows:

U LI [rd(1—By)—v00?|m

= n otn T (3ot p)(rétod+BuT)

=v =\ =0 A22

4 <M> e {roln80-1) 80P 08 }r (n) (A22)
vt (V6 1) (T0+03+BuT)

where 6 is increasing in 7, and equilibrium g can be determined by equations (38) and (39), as
shown in Figure 5. It is through the job contact rate p that the factors affect WD, LPR, and

UER.

Unemployment duration 7" (u, A\,0) = %, and by applying equation (A22), the unemployment
duration can be written as:

250 [prd(1=pr)—00]x
l Yo+u  (y0+p)(Té+0d+BuT)
H 6P {r8[uB(1—7)—~5(1—B)]—y0s? } =
vo+p (v0+p)(T3+06+pBuT)

T (u,\ o) =

I |
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where T has the following characteristics: 97/0u < 0,97 /0X > 0,07 /0o < 0.
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